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Interpolation

Point Data Interpolation

Given: Set of n+ 1 data points (t;,f;); i=0,...

with pairwise disjoint nodes t;. (t; # t;)

Figure: Given Points
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Point Data Interpolation

Find: Polynomial with degree < n with

P(t)=> qt’ (1)
=0
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Point Data Interpolation

P(t) is called Interpolation Polynomial to (t;, f;), if

p(ti)y="~f;, i=0,...,n (2)

Figure: Interpolation Polynomial
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Key Problems

(a) Existence of solution

(b) Uniqueness of the solution
(c) Quality of solution

(d) Algorithm

There is a unique solution to the Point Data Interpolation Problem
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Vandermonde-Matrix

Proof: Combining (1) and (2) leads to

1oty tg o - 8] [e]l [ fo
1t t& - -t
= (3)
2 n
1 t, t t, | | Sn | | fn
or Ac = f. n
A is called Vandermonde-Matrix with det A= [ (ti — tj).
Pj=0; i>j

Because t; # t; for i # j
—> A is non-singular and a unique solution exists. [
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Point Data Interpolation in 3D space

Given: n+ 1 data points f; = (x;, y;, z;) € R with disjoint nodes
t;.
Find: Interpolating polynomial space curve p with p(t;) = f;.

Solution:

@ Analogous to 2D with Ac = f
o The coefficients are 3D points, i.e. ¢; € R3

@ For each coordinate there is an equation system with the
matrix A.
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Interpolation in 3D

y
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parameterization

Figure: Interpolation in 3D
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Lagrange-Interpolation
@ In general, the runtime for solving a system of equations is
O(n3).
o Find an optimal polynomial basis {L;(t)}"_, , with

0,i 7]
1,1 =y

L,'(tj) = 5,J == { (4)

@ Because of that basis, the matrix of the system (3) becomes
an identity matrix, i.e. ¢;=f;, i =0,...,n and the
interpolation polynomial can be written as

p(t) = fiLi(t). (5)
=0
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The Lagrange polynomials
L t—t
Li(t)=]] P— (6)
b Lk
k=0,k#£Ii
satisfy the property (4): Li(tj) = 6.
Proof: i
i — ty
Li(t;) = =1
()= ]I iy
k=0,k#£i
and with j #£ i
t t;
Li(t)=-+—---=0 [
ti — tj
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Lagrange polynomials

ERRAY

Ly

Figure: Lagrange polynomials
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Interpolation

Algorithm: Lagrange-Interpolation

Input: (x;,y:); i =0,....,mx; #Xxj;1 #

1. step:
Li(x) — (x = x0) - (X = xi—1)(X = Xj31) - - - (X — xn) ﬁ (x = %)

(XI _XO) (XI XI—].)(Xi _Xi—l—l)"'(Xl _Xn) ey (XI _XJ)

J=03j#i
2.step:
P(x) =) yilLi(x)
i=0
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Interpolation

Examples
@ n =1, — linear interpolation

Point data: (xg, y0), (x1,y1) (nodes in x)

) =5 bl =57
P(x) = yo £k + yy 228 = vl o)

@ Following points of a real function are known:

L X | i
0| 0 1
1(1 105
212 10.2

14
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Examples
=N ST R
s ¥
L) — ) (x=x) | (x=0)-(x=2) %.(XQ_X)

(X1—Xo)-(X2—X1) - (1—0)-(1—2) -

1 1
P(x) = §(X2 —3x+2)-14+(2x —x?)- 0.5+ §(X2 —x)-0.2
= 0.1x* — 0.6x + 1
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Examples

Cubic Lagrange polynomials with equidistant Nodes t; = 3
t—t t—tr\ [(t—t3 t—1\ [(t—%)\ /t—1
o — t1 o — b o — 13 —3 —3 —1
+ 9 11
2
t — 1 t—t t—t t
L1(t) = 0 2 )= (1
t1 — to t1 — 2 t1 — t3 3
2
3

D) ()

3 2424 2 97 45
= — =t - —t*+0t
2 2 2
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Examples

Cubic Lagrange polynomials with equidistant Nodes t; = é

27 9
Lr(t) = Li(1—t) = —?t‘g +18t% — St

9 9
L3(t) = Lo(1—t) = 5t3 - §t2 +t
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Drawbacks

The Lagrange-Interpolation has severe drawbacks:

@ The calculation of the Lagrange polynomials is not efficient (in
this form).

@ Adding additional points leads to recalculating everything.
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Interpolation

Newton Interpolation

@ The Newton form adresses the second aspect.

@ The Newton base is given by

I—1
Ni(t) = J](t— t)
k=0

with Ni(t;) =0; 7>
and /V,'(t,') # 0.
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The coefficients a; of

p(t) =) aiNi(t) (8)
=0

are determined recursively by the so called divided differences
f[tj, Ceey tj—|—k]:

fltil:=1f (=0,...,n)
. fltizl,...,t; flti, ...,
f[tja 7tj-|—k_ L= [J—H J—;j—l]—k_ tEJ J+k 1]

a,':f[to,...,t,']
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k 0 1 2 3
to fb — f[t()]
f[to, tl] = a1
ti | f = f[t1] flto, t1, to] = a2
f:tl,tz: f[to,..,tg] — a3
tr | fo = f[to] ft1, to, t3]
flt2, t3]

i3 f3 — f[t3]
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@ The coeflicients a; can also be determined by the solution of a
linear system of equations (see (3)).

@ In this case, the matrix becomes a lower triangular matrix and

the forward substition corresponds with the scheme of the
divided differences.
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Example: (t;,f) € {(0,1);(2,3);(4,5)}

t; fi
1230
].:al
2 3 0232
1
4 5

p(X) = ap + al(x — to) -+ 32(X — to)(X — 1_'1) =14+ x
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Caution! The interpolation polynomial for n + 1 given data points
has not necessarily a degree of n but at most a degree of n.

Remarks:

@ For the Newton Interpolation, the input order of the nodes is
irrelevant.

@ Given a continuous function f on the interval [a, b]. When
interpolating f in n data points, the resulting sequence (dt.
Folge) of interpolation polynomials on [a, b] does not
necessarily converge to f for n — oc.

— Using more input data points does not necessarily result in
better quality!
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Interpolation

. o 1 _
Example: Runge-Funktion: = (degree n = 5)
12 T T T T T T T T T T
s s s s s s _ 1/(1+x**_2) --------
Interp(?Iatlonspé)gzgfzr;]{eﬂ;ﬁ 6 :
PR LA R N R S SR SR S I el i
S

oo L ; ; ; ; | | | | | |
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Interpolation

. o 1 _
Example: Runge-Funktion: = (degree n =7)
12 T T T T T T T T T T
s s s s s _ 1/(1+x*_2) T
Interp(?Iatlonspé)gzgfzr;]{eﬂ;; <> :
P LA SR SRS S e — o |
02 L
-5 -4 -3 -2 -1 0 1 2 3 4 5
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Example: Runge-Funktion: degree n = 11)

1
e (

L2 n ! ! ! ! ! '

T T
1/(L+x**2) --------
Interpolationspolynom, n=11 —— |
‘ Stuetzstellen <>

Algorithmic Geometry WS 2017/2018 27



Computer Graphics I
1) Computer oo Interpolation
AG Computergrafik und HCI
. PR | _
Example: Runge-Funktion: ;= (degree n =17)
12 T T T T T T T
s s s s s s _ 1/(1+x’i*2) T
Interpolatlonsposlygsggétr;ﬂé; <>
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Disadvantages of polynomial interpolation with respect to
CAD/CAM-technology

© Each data point influences the curve globally.
— Rather use basis functions with local support (dt. Trager)

© The parametrization (choice of nodes) is of great importance
for the quality of the curve.

© Interpolation polynomials with a degree of n > 5 produce
uneven results.
—> Introduce additional constraints like “minimal bending

energy’
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Q@ With higher degrees, the interpolation polynomial becomes less
smooth, especially at the borders of the parameter interval.
— Introduce border constraints
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Interpolation of derivatives

Given: Disjoint nodes t;, /i =0,...,n and for each / one
interpolation value and n; — 1 derivative values (n; > 1):

fi= £ fN (T (i=0,...n)

Find: Polynomial p with a degree < m := (Z n,-) — 1,

p(t) = Z cit! (9)
j=0

so that

() =FY (i=0,...,n j=0,....,nj—1).  (10)
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Applying (9) to (10) delivers a linear system of equations.

The System (10) has a unique solution.

Proof:

@ There are m+ 1 interpolation constraints and m+ 1
coefficients.
@ The System is non-singular, if the homogeneous system

fi(j) = 0 has only the trivial solution.

@ Because p has exactly m + 1 roots (dt. Nullstellen) including
multiplicities and has a degree < m, p must be the zero
polynomial. [
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Interpolation

Example: Find the cubic polynomial, which interpolates

f(0),'(0), f(1) and /(1)

With p(t) = C3i'3 + Czi'2 + 1t + ¢
and p'(t) =3ct® + 20t + ¢

follows f(0) = ¢

)

) =
f(l)=a+a+a+a

)=3c+2c0+ca
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Interpolation

In matrix form:

(1

= O
Y = W )
N P O O

[ )

(£(0))

f'(0)
f(1)

\F(1))

(11)
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Hermite Interpolation

Analogous to the Lagrange Interpolation, one can create basis
polynomials that are well suited for the interpolation of the
derivatives.

These are called Hermite Polynomials.
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Example

Find: Cubic Hermite polynomials for the system (11)

Solution: The coefficients are the column vectors of the inverse
matrix: \ ( \ ( )\
0 1 0 0 0 f(0
(Cl 0 1 0 0 ( !
9 3 _

Co —3 1
\es/ \2 1 -2 1)

Algorithmic Geometry WS 2017/2018 36



‘! Alg:?ﬂlétle(;ri:.a:hics |nterpo|ati0n

AG Computergrafik und HCI

—

Ho(t) = 2t3 — 312 + 1
Ho(t) = t3 —2t2 4+t
Hi(t) = —2t3 + 3¢2
Hi(t) = 3 — t? /

Properties:

Hi(j) = 65 H;(j) =0
Hi(j) =0 H;(j) = d;
i,j =40,1}
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Interpolation

0,00

0,40

0,30
1

0,20
i

0,10

.
S aa

] ] 1 ] 4 L]
2,0 0,5

From: Hoschek/Lasser

T 0,4
L

0,7

0,6

0,5

0.3
L

T
0,5

1,0
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Catmull-Rom Splines (1974)

o Combine Hermite segments to a C! continuous interpolation
curve

@ The derivatives in the interpolation points P; are defined by
Pl/ = Ti(PH—l — P,'_1) with tension T;

@ A common value for T; is 0.5
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Goals

@ How to interpolate given points using polynomials?
@ How to do Newton-Interpolation?

@ How to interpolate given points with derivatives using
polynomials?

@ Drawbacks of polynomial interpolation

@ Advantages / Disadvantages of the different forms (Lagrange,
Newton, Hermite, Catmull-Rom)

@ Problems using polynomial interpolation
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