‘ 1 Computer Graphics
\ and HCI Group

AG Computergrafik und HCI

Algorithmic Geometry WS 2017/2018

Prof. Dr. Hans Hagen
Benjamin Karer M.Sc.

http://gfx.uni-kl.de/~alggeom

Algorithmic Geometry WS 2017/2018



‘ C ter Graphi L, .
1) Computer raphic Bézier Curves

AG Computergrafik und HCI

Rézier Curves

Algorithmic Geometry WS 2017/2018 2



‘ C Graphi P
1 j and HCI Groun Bézier Curves

AG Computergrafik und HCI

Contents

o Affine geometry

@ Bernstein Polynomial

@ Bézier Segments

@ de Casteljau-algorithm

@ Implementation and integration

@ Interpolation

@ End conditions for joining Bézier segments

@ Rational Bézier curves

Algorithmic Geometry WS 2017/2018 3



‘ C Graphi P
1 j and HCI Groun Bézier Curves

AG Computergrafik und HCI

Affine Geometry

@ An Affine map ® can be described as a combination of a linear
map A and a translation T:

d(x)=Ax+ T.

@ An Affine combination is a linear combination

n
X = g Qo X
=0

such that the weights of all points sum up to 1: > «a; = 1.
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Properties of affine maps

@ An affine map maps a line segment to a line segment.

@ Linear interpolation is affinly invariant:
P((L—=ANP+AQ)=((1 —NP(P) + A\P(Q).

e Affine maps are ratio preserving.

@ Parallel lines stay parallel under aftfine mapping.
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Some examples of affine maps

@ The identity. Set A =/ the identity matrix, and T = 0.
@ Translation. It is given by A=/
@ A scaling. It is given by T =0, and A diagonal matrix.

cosoe —sina 0
@ A rotation around z axis. T =0, A= | sinac  cosa 0

0 0 1

= 0O O

1 a
@ Ashear, T=0. A=|(0 1
0 0
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Bernstein Polynomials

We will express Bézier Curves in terms of Bernstein Polynomials.
First, let’'s define Bernstein Polynomials.

Bernstein Polynomials, are defined explicitly by

B(t) = gy <m> (t—a) (b—t)"":0<i<mte]lab]

I
where binomial coefficients are given by

m\ ﬁ fo<i<m,
i) 0 otherwise.
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Bernstein Polynomials - Properties

o

9090@

The Bernstein polynomials of degree m are linearly
independent and span the linear space of degree m. They form
a basis of this space.

Z/(';O Bim(t) =1

BM(t) > 0;t e a,b];0<i<m.
maxB}”(t):@#-a;te [a,b] ;0 < i < m.
B"(t+a) =BT .(b— t)

$5BI(8) = 52y - oyt mo(—1)P - (B) - B (1)
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Basic Idea

@ approximate a polygon using Bernstein-polynomials — curve
@ consider the polygon as a "‘control-structure"’ for generating
curves

Figure: Bézier Curve
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We consider a continuous mapping F : [0,1] = R

Bm(F;t) = Em:F (;) -BM(t) 0<t<1

=0

/

iIs the so-called Bernstein approximation of degree m of F.
In the special case of a polygon F,, with vertices by ... by,

Fn(t)=(m-t—i)bjis1+(i+1—m-t)b

i
with Ogigm—landtell,l—'_ ]

m m

we get:

B(Fm: t) = zm: bi- BM(t) te]0,1]
iI=0

Algorithmic Geometry WS 2017/2018
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This motivates the following

X :[a, b] = E3

X(t) }:b BM(t) = _®m§:b(:>t—@%b—ww4

is called a Bézier-Segment of degree m,
with b; € E3, i = 0,..., m its Bézier-points.
The polygon is called Bézier polygon.
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Convex Hull and Variation Diminishing Property

@ The Bézier-segment is completely inside the convex hull of the
control-polygon.

e Each point X(ty) is the point of gravity of the Bézier-points b;
with the weights B (to).

@ Control polygon and Bézier segment have start point and end
point iIn common.

@ Each straight line does not intersect the Bézier segment more
often than it intersects the control polygon
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The “Convex Hull Property” offers a good bounding-box strategy.
The “Variation Diminishing Property” “guarantees’ a smooth curve.

An example of Bézier segment in matrix formulation:
m = 3, [a, b] = [0, 1]

X(t) = bg-(—t>+3t2—3t+1)
+by - (313 — 612 + 3t)
+by - (=3t + 3t2) + b3(t°)
-1 3 -3 1 bg
(3 6 3 O\.(bl\
-3 3 0 O b

\1 0 0 o \b)

— (3¢2411%) -
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The Bernstein polynomials have another interesting property, which
we can use for subdivision.

X(t)) = bo(1—t9)>+3b1(1—1t)?- tg+ 3bo(1 — t9)* + bat3

bo(1 — t0)%(1 — to) + b1 (1 — to)°to + 2b1 (1 — o)t
+2by(1 — to)t2 + bo(1 — to)t2 + batd

= (bo(l —to) + b1 - 1) (1 - 1)’

~

=:bl Bg
—|—£b1 . (]. — to) + by - toz-SQ(]. — to) . toz
1} B2
+by- (1 —tg)+ bs-tp)- tg
N -~ 7 N~
::bg 822
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Bézier Curves

(b%'(l—to)er%'tg)'(l—to)

A\ \ . J/

-~

=:b3 B(:)l

\

=:b2 Bj
(b3(1 — to) + b3to) = b3BY = b3

+(by- (1 —tg) + b3 -tg)- t
(b3 - ( 3) 3-19)- to

Algorithmic Geometry WS 2017/2018
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General principles

~ ~, ~ tp — a
X(t) = boBP(to) + -+ bmBi(f0) foi= 5 —

= boBy" " (to)(1 — to) + b1 By *(fo) - o + - -
= gbo(l —to) + by %286”‘1(%6)

=:b1
+ 4 (bme1(1 — to) + bmty) -B™{
_.p

linear interpolation b} = b;i_1(1 — tg) + bitg

Algorithmic Geometry WS 2017/2018
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lterate:

~

X(to) = b} By "(to)+---+ by, - By~ (to)
with b = b/ (1 — to) + b 1o,
and i=r,...,m
until we reach r = m,

X(tg) = b"BJ(ty) = b"

Algorithmic Geometry WS 2017/2018 17
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De Casteljau Algorithm

The De Casteljau algorithm is used to obtain a point on the curve
at parameter value tg from the control polygon consisting of the
points b;.
Input: control polygon P,, = by, ..., bm.
Steps:

1 bll = (1—%)-bi_1+%-bi I=1,...,m

2 b?:=(1—ty) b +to-b} i=2,....m
m-1 b L= (1—t)-b"*+to-b"% i=m—1,m

m b™ = (1—1to) b+t i=m

m+1 X(tp) := b ty = =2

Algorithmic Geometry WS 2017/2018 18
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Visual Scheme for the Algorithm

With the control points int the leftmost column, each pair of
consecutive points is used to compute a point of a new control
polygon with one fewer point, when arranged in a triangular shape,
the target point X(tg) is then found at the lower right corner.

b
b b
(1—t0)'b,'-”> o
tt- b, ) b -
+1 +1 O Bl pm

The De Casteljau Algorithm is affine invariant.

Algorithmic Geometry WS 2017/2018 19
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Bézier Curves

Example
m = 3, 4, points on the control polygon are given as

- ()36 ()

compute X(0.6).

) () (2
(5) (5) (ase) (222)

Algorithmic Geometry WS 2017/2018
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Graphical example

Figure: Visualization of the De Casteljau algorithm

Algorithmic Geometry WS 2017/2018 21
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Degree elevation

The Bézier curve generated by the control polygon

Pp, = bg, ..., bm, can also generated using one more control point
by the polygon P11 = by, ..., bmi1, with the new control points
given by:
b, b+ (1 / b =1
;= - bj_ — . b; i=1...m
I m + 1 —1 m + 1 I

Because Bézier curves interpolate the end points, l;;) — by and

—_ N—

bm_|_1 — bm-

Algorithmic Geometry WS 2017/2018 22
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For the pth derivative of a Bézier segment
X(t) :=>",bBM(t), tE€]a,b], one obtains:

m—p

dP m! 1

— X(t)) = - N APp: - B™P(¢
g (0) (m—p)! (b—a)P ; - (o)
with APb; = AP lp. — AP lp;

and Aob,' — bi

The first and last sides of the control polygon are tangential to the
Bézier curve.

Algorithmic Geometry WS 2017/2018 23
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Some Special Cases

m m— m—
X/(tO) — h— 3 (bm t— bm—%)
X// m(m o 1) bm—2 . 2bm—2 bm—2
(tO) (b— 3)2 ( m m—1 T m—2)

In our example:

X'(0.6)

3(63 — b3) =3 (<§§2> ) (igm - <1o3-i082>

X"(0.6) = 6 (b3 —2by+ bi)

- o((5) (23 +(39) - (32

Algorithmic Geometry WS 2017/2018 24
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Bézier Curves

Integrating a Bézier segment

With X(t) a Bézier segment on the interval t € [a, b],

/bX(t)dt—b_a(b + by + -+ by)
, —m_|_1 0 1 m

Algorithmic Geometry WS 2017/2018
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Interpolation with Bézier curves

To fit a Bézier curve through a given set of points p,, ..., p,, one
needs to solve the linear system of equations:

X(tj) == zr: bi B (t;)
=0

Once the t; are chosen, this system has a unique solution b;, as the
basis functions B/ are linearly independent.

Algorithmic Geometry WS 2017/2018 26
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Example Interpolation

Fitting a Bézier curve through the points

e (= (o= (- )

With chordal parametrization, the t; are chosen according to the
Euclidean distances, i.e. t; —ti_1 = ||pi — pj—1|| fori=1,..., m

For the points in this example, tg =0, t; = V2, tr = t; + /5,
t3 = tr + 2v/5, so [a, b] = [0, 8.12].

Xw)=x©) = (3)  x(w)=x@an = (})
X(t2) = X(3.65) = (;‘) X(ts) = X(8.12) = (g)

Algorithmic Geometry WS 2017/2018 27
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The equations then read:

(;) = by (Because of end-point interpolation)
5 3
1] = Z b;iB?(1.41)
i=0
3

> bjB}(3.65)
=0

(@)

— b

VR @ N\
~ ~
|

Algorithmic Geometry WS 2017/2018 28
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Only b; and by need to be solved for:

Bi(t2) B3(t)/) \b p2 — B (t2)po — B3 (t2)ps

(513(1—“1) 523(1“1)) (b1> _ <P1 — By (t1)po — 533(1“1)/03)

b2 0.41 0.33 P2 — Bg(tz)po — B33(t2)p3

2.52
- h= (-1 55) ’

6.78
b2 = (5.27)

N (b1> _ (0.36 0.08)(1) <p1 — B3(t1)po — 533(t1)p3)

Algorithmic Geometry WS 2017/2018 29
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Bézier Curves

p3 = b3

= b
Po 0 o

b1

Figure: Interpolating Bézier curve

Algorithmic Geometry WS 2017/2018
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Further remarks on Interpolation

@ previous method offers no additional interaction opportunities
like tangent or curvature adjustments.

@ another possibility: use the points pg, ..., pm as corner points
for combined Bézier segments

Definition
A Bézier curve is a spline consisting of Bézier segments X,

| =0,...,k, each of degree m, over the parameter interval
u < u < U

= u—u
Xi(u) == Z bm/+i - Bi" < : )

u — u
" [+1 — U

The Bernstein polynomials are used as “blending functions".

Algorithmic Geometry WS 2017/2018 31
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Joining the Bézier segments

To obtain a C"-continuous curve, the function values, as well as
derivatives up to the nth, need to be matched.
Function values:

m
u—u
X/(u) = E bm(/_|_,-) . B,m ( ) U< u < Uy
0 Ui+1 — 4y
= u—u
— U]41
Xip1(u) 5= bm(i+-i+i - Bi" ( ) U < u < Uy

jz:; miH)+ Uyy2 — U4

Algorithmic Geometry WS 2017/2018 32
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Joining the Bézier segments (cont.)

Derivatives in the corner points, with A\, := vy 1 — uy:

m
X/(l)(Ul+1) = >\_l (bm(l—|—1) - bm(l—I—l)—l)

m(m—1
X/(z)(U/H) = ( 2 ) (bm(i+1) = 2bm(i+1)—1 + bm(i+1)—2)

I

mm—1)(m— 2

X)) = ( )\?3( )
/

 (bm(i+1) = 3bm(i+1)-1 + 3bm(i+1)-2 — Bm(i+1)-3)

Algorithmic Geometry WS 2017/2018 33
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Joining the Bézier segments (cont.)

1 m
X\ () = Tﬂ(bm(lﬂ)ﬂ—bm(/ﬂ))
x2) (u - mm=1), —2b b

Tilug) = 2 (m(/+1)+2 m(I+1)+1 T m(l—l—l))
I+1
3 mm—1)(m— 2
o) = D=2
_|_

< (bm(1+1)+3 — 3bm(1+1)+2 + 3bm(1+1)+1 — Bm(1+1))

Algorithmic Geometry WS 2017/2018 34
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Conditions for Continuity

o Cl-continuity:
bm(1+1) = bm(i41)-1 = ﬁ’l - (bm(i41)+1 — bm(+1))
e C?-continuity: additionally

bm(14+1) = 2bm(141)1 + bm(i41)—2 =
)\2
)\2—1 - (bm(i+1)+2 = 2bm(ir1)+1 + bmir1)) - (1)
[+1

Algorithmic Geometry WS 2017/2018 35
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Polygon construction

ﬁ‘v(e-uj

bnr (L4}~ ¢

50-1(01)'2 ém’(g"d *2

Figure: Two Bézier segments joined C*-continuously at b4 1)

Algorithmic Geometry WS 2017/2018
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Bézier Curves

C3-continuity

bm(/—i—l) - bm(/—l—l)—l
bm(1+1) — 2Dbm(141)—-1
+bm(/—|—1)—2

bm(1+1) — 3bm(14+1)—-1
+3bm(1+1)=2 — Bm(i+1)-3

g (bm(i41)+1 — bm(i+1))

(Bm(141)+2 = 2bm(1+1)+1 + Bm(1+1))

(bm(i41)+3 — 3bm(i+1)+2
+3bm(1+1) 11 — bm(i41))

Algorithmic Geometry WS 2017/2018
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Polygon construction

é‘*(’ﬁ/.‘;g

Figure: Two Bézier segments joined with C3-continuity

This is “equivalent” to the De Casteljau recursion

Algorithmic Geometry WS 2017/2018 38
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Cubic C?-continuous Bézier splines
Fitting the condition for Cl-continuity,

A1) (Bs1) = bagan)-1) = A1 (bs1) 41 — ba4))

into the C2-condition:

)‘%l+1) (b3(1+1) — 2b3(1+1)-1 + b3(141)—2)
= A7 (b3(a1) — 2b3(141)21 + b3(41)) .

we get:

)\/_|_1 <b w )\l + )\(/+1) b s ) B )\/ (b3 / )\/ -+ )\(/_|_1) b3 / )

- — = — 4
\/ 3(/+1) )‘(l+1) 3(/+2) )‘(l+1) (/+5) \/ (/+4)
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%3 (1) 4 2

Figure: geometric background for the cubic case. See next slide for the
definition of d
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The weight point d;; 1 completes a geometric construction that
allows for C2-continuous connection of Bézier segments (see

previous figure).

_ )\/_|_1 )\l + )\l-|—1
diy1 = BYE (—b3(1+1)_2 + i) b3(/+1)—1>
A\ A+ A
= —b b
YR ( 3(/+1)+2 T i) 3(/+1)+1>

Algorithmic Geometry WS 2017/2018 41
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Continuity in three steps

To connect a new Bézier segment with C? continuity, one can
follow three steps:
connect the tangents

b3(1+1)+1 = b3(i41) SRS . (b3(i41) — ba(i+1)-1)
find the weight point

di+1 = b3(1+1)-1 +2 v (bs(i1)—1 — b3(141)—2)
adjust for C2-continuity
L (—dip1 + baig1)41)

Algorithmic Geometry WS 2017/2018 42
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Algorithm for interpolating with Bézier segments

(M1 + ) dici+X2df = b3a- Gy =10k
A-di_1+D;-d+A_1-dy1 = by - B | = k—1
Mgt di+ N+ N) - diyn = b G 1= k—1

with A_1 = Mg and A\ = A1

G = (N—1+ XN+ Ajja)
A = )\%()\/_1 + A1+ Aja1)
Dy = MN(A—2 + N—1)(N=1 + N+ Aga)
+ A1 (A ) (N2 + A- + )
B, = ()\/_1 + )\/)()\/_1 + A+ )\/+1)()\/_2 + A1+ )\/)
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Special case Ay =1 forall I =1.. k.

A/ = 3; B/ —_— 18; C/_1 = 3; D/ =12

2d,_1 + d| = 3b3;_» I=1,...,k
d_1+4d, +d1 = 6bg [=1,...,k—1
d/+2d/+1 = 3b3/_|_2 [=0,....,k—1

@ The weight points dy and d, are defined as:

dy = 2b; — b
di = —b3k_o+2b3k_1

@ Using the previously pictured algorithm allows for calculation

of all Bézier points except for by and bsy.

Algorithmic Geometry WS 2017/2018
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Example for an interpolating cubic Bézier spline

Input: pg, p1, p2, special parametrization A\; = A = 1.
@ set by = po; b3 = p1; bg = p2
@ choose the free parameters b; and bs

@ solve the linear system:

2dy  +di = 3b
d +4d1 +d» = 6b3
dq +2d>» = 3bg

@ calculate Bézier points by, by using the weight point
construction

Algorithmic Geometry WS 2017/2018
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Figure: Interpolating three points with two cubic Bézier curves
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Algorithm for Interpolating Bézier Splines

Input: k + 1 points p; € E3,0 < | < k.
Q set bp = po, b3 = p1,- .., b3k — Pk
@ choose free parameters by and bzx_1 (slope at the end points)

© solve the linear system of equations:

()\1 + )\o)do + Ao - dy Co - by
A -d_1+D)-d+A_1-d By -b3y [=1...k—1
M—1dk—1 + (Ak—2 + A1) - de = Cy_1bzk—1

Q calculate the Bézier points bs;_5, b3_1(/=1...k)

Q@ run the De Casteljau algorithm k times:
{bg, b1, bp, b3}; { b3, ba, bs, be };
i {b3k—3, b3k—2, b3k—2, b3k—1}

Algorithmic Geometry WS 2017/2018 47
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Example
Interpolate the points
1 2 4 6
2 1 4 2

by a cubic Bézier Spline (with chordal parametrization),
M=vV2, A=V5 J=V20

up =0, wp=ug+ X, U=u1+A, uU3=uU+ X

1 2 4 6
Step 1: by = <2> , b3 = <1) , bg = <4) , bg = (2)

Step 2: Choose b; and bs.

Algorithmic Geometry WS 2017/2018
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Step 3:
dp +0.39d; = 1.39b;
0.27dy + 0.66d; + 0.068d> = (i)
0.39d1 + 0.57d> + 0.067d; — (g)
0.66d> +d3 = 1.67bg
Solution:
do = 1.68b; — 0.02bg — (1'16> di = 0.76b; + 0.03bg + < 3 )
0.58 1.5
dy — 0.25bg + (ggg) dy — —0.35b; + 1.84bg — G;‘;)
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Step 4: Run the De Casteljau algorithm three times, for each of the
segments by 3, b3..6, bs. .9

0.72 2.97
b> = 0.18b; + 0.004bg + (O.?)l) by = —0.47b; — 0.02bg + (1.49)

3.59 3.76
bs = —.0.03b; — 0.1bg + (1.79) b; = 0.35b; + 0.17bg + (1.88)
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Bézier Curves

Figure: Different choices for b; and bg

Algorithmic Geometry WS 2017/2018
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Algorithm for “free modeling” Bézier splines

Input: kK + 1 weight points dp, ..., dx

(a) bo = do, b3k = dk

(b) bo = bsk = 3(b1 + bsk—1); do = di
Step 2 Calculate all inner Bézier points:

Step 1

2d;_1 + d| 3b3;_» I=1,....k
d/_1—|—4d/—|—d/+1 6 b3, [=1,...,k—1
d/—|—2d/_|_1 = 3b3/_|_2 [=0,....k—1

Step 3 Run De Casteljau algorithm k times, on
bo..3...b3k—3. 3k
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Example
Input: weight points

A - ()

Step 1: bg = bg = %(bl + b+ 8) = <_O.5>

1.5
Step 2:

—1/3 1/3

by =1/3(2do + d1) =\ 5/3 by = 1/3(do + 2dy) =473

bs =1/6(dy +4d; + dr) = 1/2 by = 1/3(2d; + db) _ 2/3

1 2/3

bs = 1/3(dy + 2d>) = i?g be =1/6(dy +4dr +d3) = 1(/)2
br = 1/3(2d; + ds) = _21/33> bs =1/3(da+2d+3) = _42/33)
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Figure: Result of the previous example calculation
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Example

Input: weight points dp = (8) , a1 = (1) a2 = <—21)

Step 1: bg = dy = (8) and bg = dr = (_21>

Step 2:
A
by = 1/6(do+4ch +cb) = 1}2 by = 1/32d1 + &) = ﬁ
bs = 1/3(dy + 2d») = _51//33>
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Figure: Result of the previous example
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Rational Bézier curves

Blending function methods also work in projective spaces:
>0 Aibix - BP(t)
> o Aibiy - B (t) Projective Bézier curve with
x(t) = homogeneous coordinates

> _izo Aibiz - B/(t)

i Z:?:O >\i | Bin(t)
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“Going back” to Euclidean space, we gt rational Bézier curves:

n Ai - BP(t)
x(t) = Zb B( Zb ST BI(D)

@ For \;=1forall i =0...n we get the “usual” Bézier curves,
since Y. B (t) =1

@ Under the condition A\g > 0, A\, > 0 and \; > 0 for
i=1,...,n—1, the curve starts in by and ends in b,.

© All the other properties like the constriction to the convex hull,
variation diminishing etc. are still valid.
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Bézier Curves

10:1:10:1
1-10:10:1

Bo:BriBiBy=1:1:1:1

Figure: Influence of weight changes
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Main reason for rational Bézier curves

Curves of algebraic order 2 (conics) are special rational Bézier

curves of degree 2.
We consider rational, quadratic Bézier curves in this form:

Ao B (t) by M BE(t) b, A2 B3 (t)
Z?:o \iBZ(t) Z?:o AiB# (1) Z?:o )"'Biz(t)’

X(t) = by

and choose \g = \» = 1.
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We now define the center point M = %(bo + by) and the shoulder
point S = M(1 — s) + by with s := 21

141
D1
/Hyperbet
__Parabel
—EWipse
b, i
M b,

Figure: Shoulder point construction

For s = 1/2 we get a parabola, for s < 1/2 an ellipse, and for
s > 1/2 a hyperbola.
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