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The elementary Lagrange- and Newton interpolation schemes for
surfaces do have the same severe disadvantages as in the curve
case. So we have to come up with different ideas.

| A

General Idea

Input: position and tangent information along and across a
topological four sided patch
Key idea: blend the information through to fill out the patch.
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Figure: Example patch
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Construction principle:

We start with a linear interpolation over [0, 1],
f(x):=(1—x)-f(0)+x-f(1),

and generalize this to fit in a ruled surface, generated by a
one-parameter family of straight lines

X(u,x)=(1—x)-X(u,0) 4+ x-X(u,1) (1)
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Figure: linearly connected surface patches
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The next step is to replace this linear interpolation by a bilinear
interpolation over the unit square:

PLE = (1—w)-E(0,0)+ w-E(1,0)
P,E = (1—w)-E(0,1)+w-E(1,1)
QE = (1—u)-PAE+u-PE

Figure: interpolation on
[0, 1]
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We have to upgrade the projectors to upgrade the quality of the
patch. Projectors are linear idempotent operators.

An operator T is a mapping T : X — Y (X is a linear space and Y
a subspace of X), with

T(axi +Bx)=aT(x1)+BT(x) (a,8€R).

A linear operator is idempotent iff T o T(x) = T(x)
Considering curved boundary curves, we cannot just sum up the
operators:

Algorithmic Geometry WS 2017/2018 8



‘ C Graphi
D and NI Group Gordon-Coons Patches

AG Computergrafik und HCI

I/‘
4

| 7/

Figure: Error when interpolating curved surfaces linearly
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Starting with one projector:
PiF:=(1—u) -FO,w)4+u-F(1,w)
we have to “apply” the second projector to the “error’ F — Py F:
P>(F — PiF) .= (1 — w)(F — P1F)(u,0) + w(F — P1F)(u,1)

As a result we get the Gordon scheme :

QF = P1F—|—P2F—P1P2F:P1@P2(F) (2)
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Applying this principle to the bilinear case we get the so called
bilinear Coons Patch:

X(u,w) = (1—u)FO,w)+uF(l,w)+ (1 —w)F(u,0)+ wF(u,1)
—(1—u)((1 — w)F(0,0) + wF(0,1))
—u((1 —w)F(1,0) + wF(1,1))

T 1717 0 F(u,0) Fu,)T[ -1
= —|1—u F(O,w) F(0,0) F(O,1)| |[1—w]| (3)
u | [F(l,w) F(1,0) F(1,1)] | w _
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Generalize the blending functions and the “information along and
across the boundary”:

1
PiX = > Hi(u)X(i,w) + Hi(u)Xy(i, w)
=0
1 -
PoX = Y Hi(w)X(u,j) + Hj(w)Xu(u,))
j=0
OX OX
Xu L= % and XW = a—W,

where {Hy, Hi, Ho, Hi} are the cubic Hermite basis functions.
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This boolean sum in matrix form:

Ho(u)”
Hi(u)
Ho(u)

X(u,w) — X(1,w)

X(0,w)

| Hi(u)._

u)T_

Ho(w)] ™ [ X(u,0) ]
Hiw)| | X(u,1)
Ho(w)| | Xw(u,0)
Hi(w)] [ Xw(u, 1))
Xy(0,0) X, (0,1)
Xw(1,0)  Xu(1,1)
Xuw(0,0)  Xuw(0,1)
Xuw(1,0)  Xuw(1,1)

Algorithmic Geometry WS 2017/2018
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Constraints for the blending functions:
Hi) =6 HiG) =0 Hi() =0 Hi(j) =4

General principle to create blending functions:

{Ho(s), Hi(s), Ho(s), Hi(s)} = {53,52,51,50} -M, se]0,1]
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Ho(0) H1(0) Ho(0) Hi(1) 1 000 00 0 1
Mo(1) Hi(1) Ho(1) Hi(1)} _jo 1 0 0 _ |1 1 1 1}
H.(0)  H;(0) ﬁ;,(O) ﬁ;(1) oo 10| |00 10
Ho(1) Hi(1) Ho(l) Hy(1)) L0 0 0 1} |3 21 0]
M
"2 -2 1 1]
—3 3 -2 -1
1 .
ME=M=149 0o 1 o
1 0 0 0]
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This leads to the cubic Hermite basis functions:

Ho(s) = 2s° —3s> +1 Hi(s) = —2s° + 3s?
Ho(s) =s°> —2s°+s Hi(s)=s>—s?

We can rewrite the Coons patch in a more compact form:

11T 0 X(w0) X(u,1) Xu(u,0) Xu(w,1)] [ -1

Ho(u) X(0,w) X(0,0) X(0,1) X,(0,0) X,(0,1)]| |Ho(w)
Hi(u)| - X(1,w) X(1,0) X(1,1) X, (1,0) X, (1,1)|-|Hi(w)
Ho(u)| | Xu(0,w) Xu(0,0) Xu(0,1) Xuw(0,0) Xuw(0,1)| |Ho(w)
Hi(u)] [ Xu(L,w) Xu(1,0) Xu(1,1) Xuw(1,0) Xuw(1,1)] [Hi(w)
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The representation of the boundary curve is still free! Assuming we
have only position- and tangent information in some 3D—points (we
use these points as vertices). It makes sense to “blend along” the
boundary the same way we blend through the patch:

1

X(u,j) = Y Hi(u)X(i,j) + Hi(u)Xu(i,))
=0
1

X(i,w) = > Hi(w)X(i,j) + Hj(w)Xu(i,J)
j=0
1

Xw(uaj) = ZHI(U)XW(’.L/.)+ﬁi(u)XUW(iaj)

ZH Xu(i,7) + Hj(u)Xuw (i, ) (6)

Algorithmic Geometry WS 2017/2018 17



|8

y
nd HCLaroum e Gordon-Coons Patches

AG Computergrafik und HCI

In this case the Coons patch looks like this:

"Ho(u)] [X(0,0) X(0,1) X,(0,0) X, (0,1)7 [Ho(w)]
Hi(u)| | X(1,0) X(1,1) Xu(1,0) X, (1,1) Hy (w)
Ho(u)| [ Xu(0,0) Xu(0,1) Xuw(0,0) X (0,1)| |Ho(w)
Hi(u)| [ Xu(1,0) Xu(1,1) Xuw(1,0) Xuw(1,1)] [Hi(w)]

(7)
Short form: H(u) - C - H(w). The matrix C contains only discrete
values in the 4 corner points.
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Data exchange format:

X(u,w)=U"-M-C-M" .- W

3] w3 2 2 1 17

. U2 w2 -3 3 -2 -1
with: U := iR W .= iR M = 0 0 1 0

d wl | 1 0 0 0]

Twist problem:
@ twist input problem

@ twist compatibility problem: X,., # X,

Algorithmic Geometry WS 2017/2018 19
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Gregory Square

XUW((;’ 1)> with

( X (0,0)+ WX (0,0) — X (0,1)+(w—1)Xuw (0,1) )

replace the twist-part (

(8)

u+w w—u—1
1—u+w u—1l4+w-—1

In the case of compatible twist (X,,, = X)) the Gregory Square
has the usual form:
)

)) B (XUW(O,O) qu(o,i)

Xwu(1,0)  Xuwu(1,

Algorithmic Geometry WS 2017/2018 20
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We get the rational correcting terms out of:

(Pi® P;)F +(P;® P«)R  and
(Pi® P))F + (P ® P,)R  (i,j, k pairwise different)
with R := F — (P; ® P;)F  interpolate F € C'(OT).

The compatibility problem can also be solved by a modification of
the Boolean sum:

P®Q:=P+Q—a(uw)P-Q—p5(uw)Q-P (9)
with o, 6 >0, a+p8=1 a(i,w)=1,
a(”?.j) — 07 /6(1.7 W) — 07 /B(u7j) — 1
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In this case, the twist part has the following form:

X (0,0) + BXuu(0,0)  aXuuy(0, 1) + Xiu(0, 1)
CV)<uw(]-a O) T BXWU(]-a O) aqu(]-a 1) T /6XWU(17 ]-)
with
w(l — w)

a(u, w) = =)t wl—w) B(u, w) := a(w, u).

Generalizing this method to a C?-biquintic Coons patch requires
the quintic Hermite operators:

QX = Hi(u)X (i, w) + Hi(u)Xo(i, w) + Hi(u)Xuu(i, w)

M-

/

0

—_

QX Hi(w)X (1, 7) + Hi(w) X (u, ) + Hj(w) Xony (11, )

Jj=0

Algorithmic Geometry WS 2017/2018 22
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The blending functions read:

Ho(s) = (1 —s)*(1+ 3s+6s?)
Hi(s) = s°(10 — 155 + 652)
Hy(s) = s(1—s)°(1+ 3s)
Hi(s) = 3(1—5)(35—4)
Hy(s) = 55°(1—s)

HI(s) = 13(1_5)2

= compatibility—corrected biquintic Coons patch

Algorithmic Geometry WS 2017/2018

23



‘ j Computer Graphics
Al

* and HCI Group

AG Computergrafik und HCI

Gordon-Coons Patches

[ Ho(u)] - X(0, w) [Ho(w)] - X(u,0) 7
ﬁlgug X(1, w) ﬂlgwg X(u,1)
Ho(u Xu(0, w Ho(w Xw(u,0
X(u,w) = 'Hy(u) xu§1,wg T [ Hi(w) | Xwgu,1§
Ho(u) Xuu(0, w) Ho(w)| | Xuw(u,0)
_ﬁl(u)_ -XUU(17 W)- _ﬁl(W)_ -XWW(U7 1)_
(Ho()] " x(0,0)  X(0.1)  Xw(0.0) Xu(0.1) Xuw(0,0) Xuww(0,1)] [Ho(w)]
Hi(uv) X(1,0)  X(1,1)  Xw(1,0) Xu(1,1) Xuw(1,0) Xuww(1,1)| [H1t(w)
Ho(u)| | x,(0,0)  X,(0,1) Ho(w)
~ | Hi(v) Xu(1,0)  Xu(1,1) Ti1 Tio Hi(w)
Ho(u) Xuu(0,0)  Xuu(0,1) T21 Tas Ho(w)
Fi(w)] Xaw(1,0) Xu(1,1) i (w),
Algorithmic Geometry WS 2017/2018 24
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u? Xuw (0,0)+w? Xy, (0,0) u? Xuw (1,0)+(1—w)2 Xuu(0,1)
T _ u?+w? 2t (1—w)2
1 = (1— )2 Xuw (1,0)+w2 Xy (1,0) (1= )2 Xuw (1,1)+(1—w)2 Xuu(1,1)
(1—u)2+w? (1—u)?+(1—w)?
u? Xuww (0,0)+w? Xy (0,0) u? Xuww (1,0)+(1—w)? Xuwu (0,1)
T _ u?+w? u?4(1—w)?
12 = (1—1)2 Xuww (1,0)+ w2 X (1,0) (1= 1)2 Xuww (1,1)+(1—w)2 X (1,1)
(1—u)?24+w? (1—u)?2+(1—w)?
u? Xuuw (0,0)+w? Xivuu (0,0) u? Xuuw (1,0)+(1—w)? Xuuu (0,1)
T _ u?4w? u?+(1—w)?
21— (1= )2 Xuuw (1,0)4+w2 Xpuu(1,0)  (1—1)2 Xuuw (1,1)+(1—w)2 Xuuu(1,1)
(1—u)?+w? (1—u)?+(1—w)?
U2XUUWW(070)+W2XWWUU(O7O) U2quww(]-,0)‘|‘(]-_W)zxwwuu(oyl)
T, _ u?+w? u?+(1—w)?
22 — (1— )2 Xuwww (1,0)+ w2 Xowuw (1,0)  (1—1)2 Xuwww (1,1)+(1—=w)2 X (1,1)
(1—u)?+w? (1—u)?+(1—w)?
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Instead of the Gregory Square we can also use Nielson's Boolean
sum extension with:

w?(1 — w)?
u?(1—u)? + w?(l —w)?’
The twist part is then:

Ti o aXuw(isf) + BXwu(i,)) == Xuw(i,))
Tz o aXuww(is)) + BXwwu(i,J)

Tor o aXuuw(i,J) + BXwwu(1,J)

T o aXywww(l,J) + BXowuu(isJ),

a(u,w) =

B(u,w) = a(w, u)

where (i,j) € {(0,0),(1,0),(0,1),(1,1)}.

Assuming smooth patches without dramatic changes in the
derivatives of curvature values, we can set X,uw, Xoww and Xuuww
to zero.
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Gordon-Coons Patches

modified biquintic Coons patch:

- 11" 1

Ho(u) Ho(w)

Hi(u) Hi(w)

ﬂo(u) ﬂO(W) with
Hi(u) Hi(w)

Ho(u) Ho(w)
| Hi(u)_ Hi(w),

-0 X(u,0) X(u,1)  Xu(u,0)  Xu(u,1)  Xew(w,0)  Xuw(u,1)]
X(0,w)  X(0,0)  X(0,1)  Xu(0,0)  Xu(0,1)  Xuw(0,0) Xuw(0,1)
X(1,w)  X(1,0)  X(1,1)  Xu(1,0)  Xu(1,1)  Xuw(1,0) Xuw(1,1)

X = | Xu(0,w)  Xu(0,0) Xu(0,1) Xuw(0,0) Xuw(0,1) 0 0
Xu(1,w)  Xu(1,0)  Xu(1,1)  Xuw(1,0) Xuw(1,1) 0 0
Xuu(0,w)  Xuu(0,0)  Xuu(0,1) 0 0 0 0
| Xuw(1,w)  Xuu(1,0)  Xuu(1,1) 0 0 0 0o
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Incorporating a Hermite interpolation along and across the
boundaries we get the geometric Coons patch:

Ho()]' T x(0,0)  X(0,1)  Xw(0,0) Xuw(0,1) Xuw(0,0) Xuw(0,1)] [Ho(w)

Hi(u) X(1,0)  X(1,1)  Xu(1,0)  Xw(1,1)  Xuw(1,0) Xuww(1,1)| [Hr(w)

Ho(u)| | X,(0,0)  Xu(0,1) Xuw(0,0) Xuw(0,1) 0 0 Ho(w)

Hi()] "I X,(1,0)  Xu(1,1)  Xuw(1,0)  KXuw(1,1) 0 0 Hi(w)

Ho(u) Xuw(0,0)  Xuu(0,1) 0 0 0 0 Ho(w)

Fa()] [ Xaw(1,0) Xu(1,1) 0 0 0 0 | |Fy(w),
(11)

Data exchange format:

X(u,w)=U"-M-C-M" .- W
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Matrix M maps the monome basis {55’54£3’52’i 1} into the
Hermite basis {Ho(s), H1(s), Ho(s), H1(s)Ho(s), H1(s)}:

6 6 -3 —3 —05 0.5]

15 —-15 8 7 15 -1

Vo |~10 10 6 —4 -15 05
~l0 o0 0 0 05 0
0o 0 1 0 0 0

1 0 0 0 0 0]
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Twist-Input

Figure: Zero twist : this is only fine for sweep surfaces along straight
lines (ruled sweeping).
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Adini twist

Calculate the bilinear (1)
Coons patch through the
four boundary curves. Use
the twist vectors of this
patch as twist input.

The Adini twists of a ruled
sweep surface are zero.

Figure:

Algorithmic Geometry WS 2017/2018
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Bessel twist
Calculate the biquadratic interpolant X (u, w) := Zi,qzo CppuPwi
for the 9 points X(ujtr, wjts), i,j € {—1,0,1}. Use the twists at
(ur, ws) of this patch.
The Bessel twist is the bilinear interpolant of the Adini twists of the
four bilinear Coons patches of the 9 points!

| s /:: “x\\x
/ AN /.}
AL N Y
7 N
A < \
///; \< yd

v

Figure: 1 Bessel twist: 4 Adini twists
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Hagen twist

Figure: Idea of the Hagen twist
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Twist vector in the Gauss frame:

qu — < N7qu > N+ < XU7XUW > 'Xu‘|‘ < XW7XUW > ‘XW
hio - N+T - X, + T2, Xy

The Christoffel symbols I'f-j- are completely determined by the first
fundamental form. The second fundamental form “takes care” of
the curvature situation.

hip =< N, X, w > is a component function of the second
fundamental form.
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Energy method

The functional [c(k{ + k3)dS (ki and k are the maximal and
minimal normal section curvature) is a standard smoothing criterion
for surfaces in CAD/CAM. This functional “describes” the bending
energy in a small plate s which has no inner deformation.

G = /(k12+k22) dS
S

_ / (g11h22 — 28122 + g22h11)2 — 2gh
2
a g

— //F(u,w,hlz(u,w)) dudw

vgdudw

Algorithmic Geometry WS 2017/2018 35
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The Euler equation:

OF

Bhrs — 2h15(2g — 4g1,) — 4gi2(gi1ho + goohi1) =0

gives a necessary condition for the energy minimum:

g12(gh22 + g22h11)
g + 27
(H is the mean curvature of the surface.) In the case of an

orthogonal network (g12 = 0), we get h;» = 0. This means the
orthogonal parameter lines are lines of curvature!

h12(u, W) =

= 2812 - H

Algorithmic Geometry WS 2017/2018 36
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Gordon Surfaces

The Gordon scheme can also be used to solve the
network—interpolation problem.

Network Interpolation Problem:

Input: Two sets of blending functions {CD,-(S)},-AiO and {\Ifj(k)}jN:O,
with CD,-(s):{ ‘_i) zi: and wj(k):{ (1’ /;7:

Two sets of vector-valued functions {g;(t)}M,, {@(s)}JN:O with
gi(ti) = fi(si)Vi,J.

Algorithmic Geometry WS 2017/2018 37
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Solution to the network interpolation problem:

X(s,t)

— i=0 j=0
with  X(sk, t) = gk(t), k=0,1,..., M,

X(s,t)) = fi(s), I=0,1
and  Xj = X(si, tj).

remarks

This is a global scheme if we use blending functions without local
support.

Interpolating tangent- and curvature values, we run into twist
problems again.

M N
> &i(t)®i(s) + Y fi(s)V(t) - ZZXUd)(s)\U (1)
1=0 J=0

Algorithmic Geometry WS 2017/2018
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The transformation between Coons and Bézier patches can be done
by matrix operations:

X(uw) = v -M-C-M"-w
X(u,w) = o' - T-B-T"-w

Xuw (Ui, wy) = af(boo — bro — bor + b11) =: BP(uy, wy)
Xuw(Uk+1, W) = af(b — bzo — bo1 + b31) =: BP(up41, w))
X (Ui, wiy1) = aB(bo2 — bio — bo3 + b11) =: BP(uk, wit1)

Xuw(Uk41, Wig1) =  af8(ba — by — bpz + bzz) =: BP(uy41, wit1)

with o = 3/Auk, b= 3/AW/, Au, = Nk41 — Uk, Aw) = W1 — Wi

Algorithmic Geometry WS 2017/2018 40
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)

boo bo3 B(bo1 — boo)  B(bos — bo2)
b3o b33 B(b31 — bsg)  B(bsz — b32)
a(bro — boo) abos — b13)  BP(uk,w;)  BP(uky1, w)

La(b3o — b2o) b3z — b23) BP(uk,wiy1) BP(ukqr, wiqr)

Algorithmic Geometry WS 2017/2018
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Bilinear Coons patch:

X(u,w) = ”’Z;UZUX(

+ = X (0, w)

Ug, W) —

LK;kuX(uk-l-lv W)

WA_W‘//VX(U, Wii1)

+(uk_Auzz(kVX+v3,_W)X(Uk+1, W) — (uk+1£Zi(AVVé;1_W)X(Uka w;)
+(Uk+1A_uZXVv‘3,_W)X(Uk+1, Wit1) — (ngz)k(AWLVTW)X(UkHa Wit1)-

Calculate the twist vectors in the corner points:

Algorithmic Geometry WS 2017/2018
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Gordon-Coons Patches

Adini twists

Auw(uka WI)

Auw (Uk, Wit1)

A (Uks1, W)

Auw(uk—l—l y W41

ALWI(XU(U/(, W/_|_1) — Xu(uka W/))
+A+,,((Xw(uk+1, wy) — Xw(uk, wp)) — Axi

ALW/(XU(U;(, W/+1) — Xu(Uka W/))

+ 2 (X (Ukg1, wiga) — X (Ui, wiga)) — Aw
ALW/(XU(UHL Wit1) = Xu(tkt1, wy))
+A%k(XW(Uk+1, wi) — Xuw(uk, wy)) — A

1

ALW/(XU(UHL Wit1) = Xu(Uk+1, W)
A—Uk(XW(uk—l—la wit1) — Xw(tk, wit1)) — Awi

with Ay = AuklAwl (X(uk, W/) — X(uk+1, W/) — X(uk, W/_|_1) + X(uk+1, W/_|_1)).
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Coons patches < Bézier patches:

boo = X(uj, wj)

bo1 = X(ui, VV_/) + %XU(UIW WJ)
bro = X(ui, wj) + 225 X, (ui, wj)

Au;Aw;

bi1 = —boo + bro + bo1 + —5— Xuw (Ui, wj)

The other 12 Bézier points we get out of similar equations. Only
the 4 “inner’ Bézier points bi1, bo1, bio and by, are “touched by”
the twist vectors. This is fine for smoothing, since the 12 outer
Bézier points influence the boundary curves and we don’t want to
change those.
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As twist input we can use the Adini twists or ano other twists.

b1 = —boo + bio + bo1 + “" W/Auw(uka wp)
bii = —boz + boy + b3 + = W’AUW(Uk, Wit1)
b1 = —b3o + by + b31 + “" W’AUW(Uk, wp)
byy = —bs3+ by + bys+ 2 W’Auw(uk, Wit1)

An often used method is the stiffness degree concept (Hagen):

Xuw = aAd + BhS5" -

witha+p8=1 a>0, 8>0. 8/ais called stiffness degree.
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