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Using the Bernstein operator B (F;t) = > F(L) - B™(t) we
can build the Boolean sum:

(Bm D Bn)(F) — (Bm + By — Bm - Bn)(F)

S F(L BRI + Y FGs L) B
i=0 J=0

MO N-HON-A0

i=0 j=0

In the case of F(t, 1) = > o F(L, ) B/'(t) and
F(s, {7)_2’" F(L, ) B (s), we get:

(Bm @ B, (F)_ZZF#J; . Bf(w) - BI"(u)

=0 j=0
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The so-called Bézier surface segment of order (m, n):
As control structure we do have a polyhedral surface:

Pmn(u,w) = by (1 —(mu—i)+ (nw—j)+ (mu—i)(nw—j))
+bijy1 - ((nw —j) — (mu —i)(nw — j))
+biy1j - ((mu—i)— (mu—i)(nw — j))
+bjt+1,j+1 - ((mu—i)(nw — j)),

with0 < i<m-1,0<j<n-landue [£ 2] we |1 L]

m’ m n’> n
The {bj;} are called the Bézier points and they constitute the so
called Bézier net.
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Figure: A cubic Bézier patch

We don't have twist problems.
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@ The Bézier surface segment is contained by the convex hull of
the Bézier net.

@ The corner points of the net are the corner points of the
surface.

@ The boundary points of the net are the Bézier points of the
boundary curve.

@ A bezier surface segment is flat if the Bézier net is flat
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Algorithm: Bézier surface segment

ZZbU B (wo) - Bf"(uo) = Zb” B/ (wo)
i=0 j=0

With. bl := > o B (uo)

To find the surface point at coordinates (ug, wp):

© Use the algorithm for Bézier curves to determine b. These
points are the Bézier points of surface lines in w-direction.

@ Again, use the algorithm for Bézier curves to find the point on
the surface )
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Figure: lllustration: finding points on a Bézier segment
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Degree elevation of a Bézier surface segment

- i ; ;
b.: = : b: 1. 1— —— |\ p::
J n+1 <m+1 =l 1+( m+1) " 1)

J I ]
(1= — b1 1— — | b; ),
(- a%) (e (-5 )

WithO<i<m+1,O<j<n—|—1andZ)7j:b,-jfor
() €1(0,0),(0,n+1),(m+1,n+1),(m+1,0)}.
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Derivatives
oP 01 — — m—p -
oo X(u,w) = Apg Y ) AP BTP(u) - BT (w)
=0 j=0
m—p n—q
— qu. Z AP0 ZAO’qbij , ij_q(W) Bl_m—P(u),
i=0 j=0
with A, m: (S I — and

Pq -~ (m—p)l ~ (b—a)p " (n—q)! ~(d—c)a’
APAb; = APO(A%9b)

There is the analogous convex hull property, but there is no
variation diminishing property!
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Convex Bézier surface segments

A Bézier surface segment of degree (n, m) is convex, if all Bézier
points are vertices of the convex hull of the net and all straight
lines (bjj, bi j+1) to (bjj, bi+1 ) are edges of the convex hull.
Each four Bézier points bjj, bit1 j, bi j+1, bi+1,j+1 form a
parallelogram.
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Bézier surface

A Bézier surface is a segmented surface. The surface segments
Xpgo P=0,....k, g=0,...,r of degree (m, n) over
lup, up+1] X [wq, wg+1] are given by:

N u—u . W — w,
Xp.q(u, w) : ZZbU/Pq B! ( 1_Pup).3j ( q )

=0 j=0
(1)
The Bernstein polynomials B/'(t) := (7)(1 —t)"'t/, 0 < t <[ are
used as blending functions.
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First order continuity

The conditions for C!-continuity,

OuXpg(Up+1, W) = OuXpi1,9(Upt1, w) and

OuXpg(uwqg+1) = 0, Xp g+1(uwg + 1), lead to the following
condition on the Bézier points:

m m

)\—p ) (bmj — bm—l,j)pq — m : (bU — bOj)p-I-l,q , and
m m

— - (bim — bi m— = - (bi1 — b; , and,
,pr ( ) 1)pq Mp-{—]_ ( 1 O)p,q—|—1

with A\p 1= up11 — Up and pp 1= Woy1 — wy.
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O O Q=@ —0 O O
O O Q=@ —0 O O
O O Q=——@—0 O O

O O O—.O—O O O
[ < |

Ct, vt and G continuity

Figure: Two Bézier patches connected with C° continuity

A common boundary curve means: by ,q = bgj/pt1,4 and
bim/pq — biO/p,q+1'
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As C! conditions we get:

bnj/pq (Apr1+Ap) = )‘p+1bn—1,j/pq T )‘Pblj/erl,q
bim/Pq (Hgt+1 + 1g) = pg+ bi,m—l/pq + :“qbil/p,qul-

Using the parameterization as a design tool, we get visual C!

continuity: “the first derivatives have the same direction”.
With A := 22~ and po=

Ap+1 Hq+1
bnj/pq (1+A) = bn—l,j/pq T )‘blj/p+1,q
bim/pq (14+p) = bi,j—l/pq T “bil/p,q+1

A~ AN
w N
~— S
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Geometric G' continuity: “common tangent planes along a
common boundary curve'.

det aqu7 aXpH,q aXpH,q —0
ou ou ow (Ups1.w)
This leads to:
s = a(w) LI ) P
Yo lupia,w) U Nupraw) Vo Nupiaw)
(9qu _ 7(W) 8Xp,q+1 + 5(w) 8Xp,q+1
ow ow ou
(U’WCH-l) (U>WCH-1) (U7WP+1)
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Remark: C! continuous Bézier surfaces have the same mixed
partial derivatives along common boundary curves. This means the
twist vectors are fixed by C! conditions!

This follows immediately out of

92X o 4 »
auaﬁj : ) — A—'L'M—n; ijzo ((bn,j—l-l_bm—l,j+1)_(bmj—bm_l,j))qujm (w)
Up_|_1,W
82XP‘|‘1,CI — n m m—1 m
Dudw = 3y g 2j=0 ((bj+1=bo j+1)—(b1j—boj))p+1,q B —1(w)

U,Wq+1

and the equations (3).
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l‘!i!f!_[l ]
1Lt i1 1 1

Figure: Application: connecting two separate surface patches
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C? continuity:

2 2
Y qu _ 0 Xp+1,q d
O u> (UP+17 W) — ou2 (UP+1’W)’ an
2 2
Y qu _ 0 Xp,q+1
0W2 (U, WCH’l) _ 5’W2 (U, WCH’l) .
Bézier point conditions:
n(n—1) b .—2p b _ —  n(n—=1) bs:—2b::~+bn:
>‘/29 ( nj n—1,j7F n—2,J)Pq 22 ) ( 2j jt+ OJ)p+1,q
p+
m(m—1) b: 2b: b: — m(m—1) b: 2b: b:
A% ( r,m-—— ’am_l—l_ I,m—2)Pq T >\2+1 .( 2= /1+ IO)p,q‘I']-’
q

in addition to the first order conditions.
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Bezier and B-spline surfaces
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| ¢ |
ct.vel, gl

C?,VC? and G continuity

Figure: A visualization of the control points involved for different levels of

continuity

Xp+1,q
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Visual C? Continuity

For visual C? continuity, the second derivatives need to point in the
same direction:

(bnj = 2bp-1j + bn-2)pq = A*(bj — 2bjj + boj)p+1,4, and
(bnj — 2bn—i—l,j + bn—2,j)qp — ,uz(ij — 2bj1 + biO)q,p—l—l
with design parameters \ := 2 and = Aq
T Apta © o Agtr’
Geometric C? conditions “create” design parameters to smooth
surfaces.
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Figure: Two different continuations of a surface patch
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Geometric G? continuity

For GC?, normal section curvature values need to agree across the
common boundary curves:

0% X 0% Xp41 0Xp41

@ugq (Upt1,w) = N\ aZer & (Upt1,w) + vp (gu = (Upt1,w)
0? X 0?Xg pi1 O0Xp.q+1

aWZq(Uv Wgt1) = pe 8;/5 (u, Wgt1) + v 5; (u, wgt1)
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General G2 condition:

0% Xp+1

azqu — o2 82Xp+1

82Xp+1 q aXerl q OXpt1
— ) _|_ ) +5 P »q
O u? Ou?

7q
o T, D

7q 2
+2af dudw
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Rational Bézier surfaces

Motivation: Quadrics are special rational surfaces

Aij- B”(u)Bm(W)

X(u,w) = > i, nl US>, )\B”(w)

=i

S0 S0 by BY(u) B (w),

R=> > XiBf'(u)B"(w).

i=0 j=0

iFV jFEp

with
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With b,,, a point at infinity and B, its direction, we get:

X(u, w) = ZZbU ”B”( )B(w) + ”“Bgf?ilng(W),

=0 j=0

where

R = 30 S B (0B (w

i=0 =0

iFV jFEp
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Cylinder

n=2 m=1, A\jg = A\11 =0, all other )\,'j: 1.

Figure: A half cylinder shell represented by a rational Bézier surface
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boo By (1) By (w) + bao B3 (u) By (w)

(Bg(u) + B3 (u))(By(w) + Bi (w))
bo1 By (u) B (w) + bo1 B3 (u) Bf (w)
(B (u) + By (u))(By(w) + B (w))
b1oBg (u) By(w) + b11 Bf (u) B (w)
(B (u) + By (u))(Bg(w) + B (w))

X(u, w)

In the special case of a circular cylinder:
boo = (I’,0,0), b01 = (r,O, h), bgo = (—I’,0,0), b21 = (I‘,O, h),
b10 — (0, I‘,O), b11 — (O, r,O)
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Torus

n=2 m=2, Ao =M1 = A1 =M1 = A\1» =0, all other )\U: 1.

X(0w) = = (booB3(u) B (w) + bao BE() B3 (w)

+bo2 B (1) B3 (w) + b2 Bs (u) B3 (w)
+b10Bf (W) By (w) + b1 Bs (u) Bf (w)
+b11 Bf (u) Bf (w) + bo1 B (u) Bf (w)
+b12Bf (u) B3 (w))

with R = (B3(u) + B3(u))(B3(w) + BE(w))
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Figure: A half torus represented by a rational Bézier patch

For the special case of a (quarter-) circular torus:

boo — (0, —R, —r), b20 — (0, —R, r), b02 — (0, R, —r),

byy = (O, R, r), big = (O, _r70)1 b1 = (R7070)1 b11 = (I’,0,0),
b01 = (R,0,0), b12 — (0, I’,O)
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B-Spline surfaces

Control structure d;;j(i =0,...,m j=0,...,n):

m n

X(u,w) = dylN;j(u)Nj(w)

i=0 j=0

To calculate a B-Spline surface we just run the algorithm for
B-Spline curves twice:

X(u,w) = S: (S: dijNi,k(U)> Nji(w)
j=0 \i=0

Z cAi;-NJ-,/(W) with cAi; = Zd,-jN,-,k(u)
=0 i=0
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Algorithm for B-Spline surtfaces

Input:
o de Boor net with vertices djj (i =0,...,m j=0,...,n)
@ knot vectors 7 = {to, Ce e tm+k} and W= {t%, e ,?m+/}

@ the order //k of the spline

@ determine d; := >, d;iN; x(u) using the algorithm for spline
curves

@ run the same algorithm with the now determined control

points d: X(u,w) = S7_o d;N; (w)

The data exchange format for B-Spline surfaces is reduced to the
transfer format for Bézier surfaces.
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